Given two vertices u and v of a connected graph G, the closed interval
Introduction
Let G be a connected graph. A u-v geodesic, for vertices u and v in G, is any shortest path in G joining u and v. The length of a u-v geodesic is called the distance d G (u, v) between u and v. If S ⊆ V (G), we define the closure of S, to be the set I G [S] given by I G [S] = ∪{I G [u, v] : u, v ∈ S}. By a geodetic cover of G we mean a subset S of V (G) such that I G [S] = V (G). The number gn(G) given by gn(G) = min{|S| : I G [S] = V (G)} is called the geodetic number of G. A geodetic cover S of G with |S| = gn(G) is called the geodetic basis of G. A subset S of V (G) is said to be a closed geodetic subset if there is a positive integer k and a sequence of sets S 1 = {v 1 }, S 2 = {v 1 , v 2 }, . . ., S k = {v 1 , v 2 , . . . , v k } such that S k = S and v i / ∈ I G [S i−1 ] for all i = 3, 4, . . . , k. A geodetic cover S of G is called a closed geodetic cover of G if S is a closed geodetic subset of V (G). In this case, we refer to the set S k being a canonical representation of S. We denote by C * (G) the set of all closed geodetic covers of G. The closed geodetic number cgn(G) of G is given by cgn(G) = min{|S| : S ∈ C * (G)}.
Some results concerning the sequential geodetic numbers of some connected graphs are found in [3] . Also, results on closed geodetic numbers of graphs are the main focus in [1] .
Definition 2.2 Let G be a connected graph of order n. A subset S = {v 1 , v 2 , . . . , v k } of V (G) is a sequential geodetic cover of G if v 1 , v 2 , . . . , v k is a geodetic sequence in G and S k = V (G). We denote by S * (G) the collection of all sequential geodetic covers of G. A sequential geodetic cover of minimum cardinality is called sequential geodetic basis of G. The sequential geodetic number sgn(G) of a graph G is the cardinality of a sequential basis, that is, sgn(G) = min{|S| : S ∈ S * (G)}.
Equivalently, sgn(G) = min{k ∈ Z + : S k = V (G)}. If S ∈ S * (G), then there exists a k ∈ Z + such that v 1 , v 2 , . . . , v k is a geodetic sequence and S k = V (G).
Characterizations of the sequential geodetic covers of the join of connected graphs where K is complete will be given in this section. From these characterizations, we determine the sequential geodetic numbers of graphs under the said operation.
Lemma 2.3 Let G be a connected noncomplete graph and S ⊆ V (G).
If S is a geodetic cover of G or a 2-path closure absorbing set, then the induced subgraph S is not complete.
Theorem 2.4
Let H be a connected noncomplete graph of order n > 3 and G = H + K m . Let S ⊆ V (H). If S is a 2-path closure absorbing set in H and S ∈ S * (H), then S ∈ S * (G). Proof. Suppose S ∈ S * (H) and P 2 [S] H = V (H). Let u, v ∈ S. If d H (u, v) > 2, then a u-v geodesic in H is also a u-v geodesic in G. This implies that with respect to G, either S i = S i ∪ V (K m ) or S i = S i where i = 3, 4 . . . , k − 1. Thus, since v i / ∈ S i−1 for all i = 3, 4, . . . , k − 1, it follows that v i / ∈ S i for all i = 3, 4, . . . , k. Hence, if v 1 , v 2 , . . . , v k is a geodetic sequence in H, then it is a geodetic sequence in G.
It remains to show that S k = V (G). By Lemma 2.3, there exists vertices u, v ∈ S such that d H (u, v) = 2. Assume first that if u = v 1 , then v = v 2 . Consequently, d G (u, v) = 2 and if w ∈ V (K m ), then w ∈ I G [u, v] . That is, V (K m ) ⊆ I G [u, v] ⊆ S k . Let y ∈ V (H)\S. Then, there exist u, v ∈ S such that d H (u, v) = 2 and y ∈ I H [u, v] . The u-v geodesic [u, y, v] in H is also a u-v geodesic in G. Hence, y ∈ I G [u, v] . That is, V (H)\S ⊆ S k . Therefore, S k = V (G) which implies that S ∈ S * (G). Now, suppose u = v 1 and v = v 2 . If w lies on a v 1 -v 2 geodesic, then either w ∈ V (H)\S or w ∈ S. Assume first that w inV (H)\S. Then w / ∈ S k . This implies that S k = V (H). which is a contradiction. Thus, w ∈ S. Since |V (H) > 3, there exists a vertex w different from u, v, and w such that w ∈ S. If d H (w , u) = 1 or d H (w , v) = 1, then d H (w , w) ≥ 2. Otherwise, w ∈ I H (u, w) or w ∈ I H (v, w) which means that w ∈ S 3 , a contradiction. The conclusion follows from the same argument as above.
Lemma 2.5 If G is a connected graph and diam(G) = 2, then every geodetic cover of G is a 2-path closure absorbing set in G. Theorem 2.6 Let H be a connected noncomplete graph and G = H + K m . If a subset S of V (G) is a sequential geodetic basis of G, then S ⊆ V (H) and S is a 2-path closure absorbing set in H. Proof. Let S = {v 1 , v 2 , . . . , v k } be a sequential geodetic basis of G. By Lemma 2.3, S is not complete. Hence, there exist u, v ∈ S such that d G (u, v) = 2. Clearly, u, v ∈ V (H). Suppose w ∈ S ∩ V (K m ). Let u = v i , v = v j and w = v l for some distinct integers i, j, l where 1 ≤ i, j, l ≤ k. Assume i < j. Then either i < j < l, i < l < j or l < i < j.
Suppose i < j < l. Then l ≥ 3. If l = 3, then j = 2 and i = 1. In this case, d G (v 1 , v 2 ) = 2. This means that there exist a vertex x such that x ∈ I G [v 1 , v 2 ]. Clearly, S / ∈ S k . This implies that S k = V (G), a contradiction. Suppose l > 3. If j = 2 and i = 1, then S k = V (G) which is a contradiction. If not, then v 1 ∈ S l−1 which is also a contradiction. Therefore, it is impossible to have this case.
Suppose i < l < j or l < i < j. Consider the sequence u 1 , u 2 , . . . , u k−1 where
Note that d G (v l , v n ) = 1 for all n = 1, . . . , l − 1, l + 1, . . . , k. This, together with the assumption, implies that u 1 , u 2 , . . . , u k−1 is a geodetic sequence in G and S k−1 = S k−2 ∪ {u k−1 } ∪ {v ∈ V (G) : v ∈ I G [u k−1 , w] for some w ∈ S k−1 } = V (G). Hence, S = {u 1 , u 2 , . . . , u k−1 } is a sequential geodetic cover of G with |S | = k − 1. This is a contradiction. Therefore, S ⊆ V (H).
Since diam(G) = 2, by Lemma 2.5, P 2 [S] G = V (G). Let w ∈ V (H)\S. Then w ∈ V (G)\S and w ∈ I G [u, v] for some u, v ∈ S with d G (u, v) = 2. Since u and v are in V (H), [u, w, v ] is a u-v geodesic in H. Thus, d H (u, v) = 2. This means that P 2 [S] H = V (H), and so S is a 2-path closure absorbing in H. Theorem 2.6 is not true if S in the assumption is not a sequential geodetic basis. Consider, for example, the join P 4 + K 5 . Let P 4 = [x 1 , x 2 , x 3 , x 4 ] and w 1 , w 2 w 3 , w 4 , w 4 be the vertices of K 5 . The sequence w 1 , u 1 , u 3 , u 4 is a geodetic sequence and S 4 = V (P 4 + K 5 ). Thus, S = {w 1 , u 1 , u 3 , u 4 } is a sequential geodetic cover but S is not a subset of V (P 4 ).
The following corollaries are consequences of Theorem 2.4 and Theorem 2.6.
Corollary 2.7
If H is a connected noncomplete graph of order n > 3 and G = H + K m , then sgn(G) = min{|S| : S ⊆ V (H), S ∈ S * (G) and P 2 [S] H = V (H)} Corollary 2.8 If H is a connected noncomplete graph and diam(H) = 2, then sgn(H + K m ) = sgn(H).
Corollary 2.9 Let n, m be positive integers and n > 3. Then 5. sgn(K m,n + K l ) = min{m, n} for all m, n > 2.
In [4] , Cagaanan showed that the geodetic number gn(H + K) of two conneceted noncomplete graphs H and K is either 2, 3 or 4. That is, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
(i). S ⊆ V (H), S is a 2-path closure absorbing set in H and S ∈ S * (H) or
(ii). S ⊆ V (K), S is a 2-path closure absorbing set in K and S ∈ S * (K),
In the proof of Theorem 2.4, it is shown that if u = v 1 , v = v 2 and w ∈ I G [v 1 , v 2 ], then w must be in S. Moreover, d H (w, w ) ≥ 2 for some w ∈ S where w = u, v or w. The conclusion then follows from the argument above.
Following the proof of Theorem 2.4, if S ∈ S * (H), then S ∈ S * (G). The other case is proved similarly. Theorem 2.12 Let G = H + K, where H and K are connected nonncomplete graphs. If S is a sequential geodetic basis of G, then either (i). S ⊆ V (H) and S is a 2-path closure absorbing set in H, or (ii). S ⊆ V (K) and S is a 2-path closure absorbing set in K.
Proof. Let G = H + K, where H and K are connected noncomplete graphs. Suppose S = {v 1 , v 2 , . . . , v k } ∈ S * (G) and sgn(S) = |S| = k. By Lemma 2.3, there exist integers i and j,
Suppose that w ∈ S ∩ V (K), and let w = v l . In the proof of Theorem 2.6, it is shown that it is possible to have j < l. Thus, l < j. Consider the sequence
. This means that S = {u 1 , u 2 , . . . , u k−1 } ∈ S * (G) with |S * | = k − 1, contrary to the assumption that sgn(G) = k. Therefore, S ⊆ V (H). Following the proof of Theorem 2.6, S is a 2-path closure absorbing set in H.
A similar proof shows that if v i , v j ∈ V (K), then S ⊆ V (K) and is 2-path closure absorbing in K.
Example 2.13 Consider the join P 7 + P 7 in Figure 2 . It is evident that the set v 1 , v 2 , v 3 , v 4 is a geodetic sequence and the set S = {v 1 , v 2 , v 3 , v 4 } is a sequential geodetic basis of P 7 + P 7 . However, in
, that is, v 4 ∈ S 3 . Thus, S is not a sequential geodetic cover of P 7 .
Corollary 2.14 Let G = H + K, where H and K are connected and noncomplete graphs with |V (H)|, |V (K)| > 3. Then
Corollary 2.15 sgn(P m +P n ) = min m + 1 2 , n + 1 2 , where m, n > 3.
Corollary 2.16
Let m, n > 3. Then
if n is odd or n is even and n ≥ 8.
Sequential Geodetic Numbers of Corona of Graphs
In this section, characterizations of the sequential geodetic covers of the corona H • K of graphs where K is complete are given. From these characterizations, we determine the sequential geodetic numbers of graphs under the said operation. Also, the graph G = H • K n , where H is a noncomplete connected graph will be discussed throughout this section. Consider first the following example. Given G = H • K and u ∈ V (H), denote by K u that copy of K whose vertices are joined to vertex u. Also, u + K u is used to denote the induced subgraph V (K u ) ∪ {u} . If H is a nontrivial connected graph and K is complete, then for each vertex u ∈ V (H), u + K u is a complete subgraph of H • K. Thus, each vertex in V (K u ), for each u ∈ V (H), is an extreme vertex of H • K. In fact, Since Ext(G) ⊆ S for every geodetic cover S of any connected graph G, it follows also that |Ext(G)| ≤ sgn(G). . This implies that any ordering of vertices in the sequence forms a geodetic sequence of G, that is, v i / ∈ S i−1 for all i = 3, 4, . . . , mn. Moreover, for every u ∈ V (H) there exist v i , v j in the sequence such that u ∈ I G [v i , v j ] ⊆ S mn . Thus, V (H) ⊆ S mn and so S mn = V (G). This implies that S = {v 1 , v 2 , . . . , v mn } is a sequential geodetic cover of G. Let S be a sequential geodetic basis. Since S is a sequential geodetic cover, S ⊆ S. Now, Lemma 3.3 implies that S ⊆ S . Therefore, S = S and the conclusion follows. Corollary 3.6 For all positive integers m, n ≥ 2 and any r and s,
